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Abstrat
We study the Dirihlet Casimir eet for a omplex salar eld on
two nonommutative spatial oordinates plus a ommutative time. To
that end, we introdue Dirihlet-like boundary onditions on a urve
ontained in the spatial plane, in suh a way that the orret ommu-
tative limit an be reahed. We evaluate the resulting Casimir energy
for two dierent urves: (a) Two parallel lines separated by a distane
L, and (b) a irle of radius R. In the rst ase, the resulting Casimir
energy agrees exatly with the one orresponding to the ommutative
ase, regardless of the values of L and of the nonommutativity sale
θ, while for the latter the ommutative behaviour is only reovered
when R >>
√
θ. Outside of that regime, the dependene of the energy
with R is substantially hanged due to nonommutative orretions,
beoming regular for R→ 0.
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In the Casimir eet [1℄, a nie interplay between the geometry of a spatial
region and the vauum utuations of a eld onspire to produe an observ-
able eet: the Casimir fore. The properties of suh a fore do depend on
the kind of eld theory onsidered, on the nature of the boundary onditions
imposed, and on the number of spatial dimensions. The physial reason is
that the properties above will determine the kind of vauum utuations that
are allowed in eah spatial region, and whose ompeting eets produe the
Casimir fore.
On the other hand, Nonommutative Quantum Field Theories (NCQFT's)
[2℄, are endowed with an intrinsi sale, due to the fundamental ommutation
relation:
[xµ , xν ] = i θµν , µ, ν = 0, 1, . . . , d , (1)
where θµν is a onstant antisymmetri tensor. The resulting existene of
a `granularity' for the oordinates resolution, with its orresponding sale θ
playing the role of a minimal area, suggests the possibility that nonommuta-
tivity might aet the properties of the Casimir fore introduing orretions
depending on
√
θ/L (where L is a length related to the `size' of the system).
Besides this immediate, merely dimensional argument, we should expet
also interesting results to emerge when a NCQFT is subjet to boundary
onditions on a non trivial region: rstly, the boundary onditions are er-
tainly problemati by themselves, sine they are imposed on elements in a
nonommutative algebra. In partiular, the at of imposing a boundary on-
dition on a odimension-1 manifold will set the spatial resolution along one
spatial oordinate to zero. Seondly, NCQFT's have been assoiated to in-
ompressible quantum uids [3, 4℄, whose utuations are (beause of that
property) expeted to be more sensitive to the existene of boundaries than
in the ommutative ase.
In this letter, we onsider the Casimir eet for the NCQFT of a omplex
salar eld in 2 + 1 dimensions. In this ase only two spaetime oordi-
nates may be nonommutative; we shall assume them to be the two spatial
ones (whih form a Moyal plane), while the time is a ommutative objet.
Our main motivation for onsidering preisely this situation is that onrete
physial systems do exist where nonommutativity is naturally realized in
exatly that way: indeed, when a strong onstant magneti eld is applied
to an essentially two-dimensional system, a projetion to the lowest Lan-
dau level justies a nonommutative desription [5, 6℄. On the other hand,
sine the time oordinate remains ommutative, the Hamiltonian still plays
the role of the generator of time translations in the usual way, hene many
standard Quantum Field Theory tools have the same interpretation that in
the ommutative ase. In partiular, a path integral formula for the vauum
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persistene amplitude an be applied to obtain the vauum energy.
In this way we shall be able to disentangle new eets that result from
the interferene of nonommutativity and boundary onditions, from the ones
that, even in the absene of boundaries, ould still modify the vauum energy.
Some works have already dealt with the issue of imposing boundary on-
ditions within the ontext of NCQFT [7, 8, 9℄. However, both the kind
of system onsidered and the approah followed are dierent; therefore the
ensuing onlusions are inommensurable. For example, in [7℄, the time oor-
dinate is regarded as nonommutative, while in [8℄ and [9℄ nonommutativity
is introdued for manifolds without boundaries.
The omplex salar eld ϕ, on whih boundary onditions are to be im-
posed on the urve C, shall be equipped with a standard free Eulidean ation
S0:
S0(ϕ
∗, ϕ) =
∫
d3x
(
∂µϕ
∗ ⋆ ∂µϕ+m
2ϕ∗ ⋆ ϕ
)
, (2)
where the Moyal produt involves just the two spatial oordinates xj , j = 1, 2:
f(x0, x1, x2) ⋆ g(x0, x1, x2) ≡ lim
y→x
e
i
2
θjk
∂
∂xj
∂
∂yk f(x0, x1, x2) g(x0, y1, y2) . (3)
To impose the boundary onditions for the eld on C, we use the proedure
of adding to the Lagrangian a term that introdues an interation with C,
in suh a way that the boundary onditions emerge when the interation is
strong. This proedure, already used in the Commutative Quantum Field
Theory (CQFT) ase [10℄, is here muh simpler than attempting to impose
the bondary onditions on the eld.
To briey review this approah, let as apply it to the ommutative version
of our rst example, namely, a region C that orresponds to two straight lines
at x2 = 0 and x2 = L. In this ase, the total Eulidean ation S = S0 + SI
inludes an interation with C:
SI(ϕ, ϕ
∗) = λ
∫
x0,x1
[
ϕ∗(x0, x1, 0)ϕ(x0, x1, 0) + ϕ
∗(x0, x1, L)ϕ(x0, x1, L)
]
.
(4)
The vauum energy E0, may be obtained from the path integral expression
e−TE0 =
∫ Dϕ∗Dϕ e−S∫ Dϕ∗Dϕ e−S0 (5)
where the denominator subtrats the L→∞ ontribution, and T is assumed
to tend to innity. Then
E0 = lim
T→∞,λ→∞
1
T
Tr log
(
1 + ∆D
)
(6)
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where ∆ is the free propagator and D is an operator whose kernel is dened
by
SI =
∫
x, y
ϕ∗(x) D(x, y, L, λ) ϕ(y) . (7)
Of ourse, in this ase E is expeted to be proportional to the length of
the lines (in the x1 diretion). Sine that length is regarded as innite, in
pratie one deals with the linear density of energy. The λ→∞ limit is, on
the other hand, taken in order to enfore Dirihlet boundary onditions.
Let us now generalize this example to the nonommutative ase, onsid-
ering an ation S⋆ = S0 + S
⋆
I where S
⋆
I ≡ S⋆(L)I + S⋆(0)I with:
S
⋆(L)
I ≡ λ
∫
x
ϕ∗ ⋆ δL2 ⋆ ϕ , (8)
and δL2 ≡ δ(x2 − L). S⋆(0)I orresponds to setting L ≡ 0 above. The Casimir
energy will then be obtained by applying (5) to the ation S⋆.
Introduing the Fourier transform of the eld with respet to the x0 and
x1 variables,
ϕ(x0, x1, x2) =
∫
dω
2π
∫
dp
2π
ei(ω x0 + p x1) ϕ˜(ω, p, x2) , (9)
and using the properties of the ⋆-produt, we may write the interation term
at x2 = L as follows:
S
⋆(L)
I = λ
∫
dω
2π
∫
dp
2π
∫
dx2 δ(x2 − L)
× ϕ˜∗(ω, p, x2 + θp
2
) ϕ˜(ω, p, x2 +
θp
2
) , (10)
and a similar expression for S
⋆(0)
I . Performing now the hange of variables
ϕ˜(ω, p, x2) = ψ(ω, p, x2 − θp
2
) (11)
(whih yields no Jaobian in the path integral), and taking into aount the
invariane of the free kernel under translations in x2, one sees that the ation
beomes:
S =
∫
dω
2π
∫
dp
2π
∫
dx2 ψ
∗(ω, p, x2)
{
(ω2 + p2 − ∂22 +m2)
+ λ
[
δ(x2 − L) + δ(x2)
]}
ψ(ω, p, x2) . (12)
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Note that θ has disappeared from the ation, and indeed, this expression
oinides with the one we would have obtained in the ommutative ase.
This means that the vauum energy E0 for the nonommutative model is
idential to the ommutative one, regardless of the value of λ. In partiular,
for the Dirihlet ase (λ → ∞), we onlude that the Casimir fore in the
NCQFT agrees, for this geometry, with the CQFT one.
This property ould seem to be surprising at rst, but then one should
realize that it is a onsequene of the fat that this boundary divides spae
into two nonompat subsets. And the nonommutative eets seem to be
ontrolled by the ratio between the area enlosed by the boundary and the
minimal area θ. It should be noted that the agreement with the CQFT result
is realized after performing a eld redenition that depends on θ. This means
that the 〈ϕϕ∗〉 propagator in the presene of the boundaries will not be equal
to its ommutative ounterpart, in spite of the fat that they will produe
the same result for the Casimir energy.
Let us now onsider the qualitatively dierent ase of a irular defet;
to be more preise, assuming a free ation as before, we now onsider the
NCQFT analog of a ommutative interation term:
SI = λ
∫
d3x δ(r − R) ϕ∗ϕ , (13)
in the λ→∞ limit. A diulty one immediately faes is to nd a natural way
to introdue the nonommutative version of the δ(r−R)-funtion. However,
that is not stritly neessary: we only need to assign a meaning to the integral
of δ(r−R) times a funtion (as it appears in the interation term). From the
dening properties of the δ distribution in the ommutative ase, we reall
that it only depends on the values of the funtion on the x21+x
2
2 = R
2
irle.
And there is a basis for the spae of elds where this problem looks somewhat
simpler, sine it is ompatible with rotation symmetry in the nonommutative
plane: the so alled `matrix basis' [11℄. Here, funtions that depend only on
R are diagonal, and one an then attribute a lear meaning to the interation
term, as one that only depends on the value of the eld on an eigenspae of
x21 + x
2
2.
Using the same onventions as in [12℄, we shall assume the interation
term to have the form:
S⋆I = λ
∫
d3x fNN ⋆ ϕ
∗ ⋆ fNN ⋆ ϕ , (14)
where no sum over N is meant. As it has been shown in [12℄, fNN is a radial
funtion. And ertainly it yields for the interation term a result that only
depends on the funtion at a radius whih is determined by N : realling
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the relation x2 + y2 ←→ 2(N + 1
2
) θ, R ≈ √2Nθ , whih beomes a
ontinuous variable in the ommutative limit (large N). For small N , only
disrete values of R are possible: as expeted, there is an `area quantization'
eet and one annot onne the eld to a region that whose area is not a
multiple of the minimal one. The ommutative Casimir energy for this ase
behaves like R−1, whih in our ase would orrespond to N−
1
2
.
Deomposing the eld variables in the matrix base, S⋆I = λ
∫
x0
ϕ∗NN(t)ϕNN (t)
1
. Then, the vauum energy beomes:
E0(N) =
∫
dω
2π
log
(
1 + λ ∆N,N ;N,N(ω)
)
, (15)
where ∆n1,n2,n3,n4 is the free propagator written in the matrix basis. We may
obtain it by a simple redenition from the 1 + 1 dimensional one presented
expliitly in [13℄, the result being:
∆n1n2,n3n4(ω) = δn1+n3,n2+n4
∫ ∞
0
dx xn2−n1 e−x
√
n1!n4!
n2!n3!
L
n2−n1
n1
(x) Ln3−n4n4 (x)
ω2 +m2 + 2
θ
x
,
(16)
where the L
a
b denote assoiated Laguerre polynomials. In our ase only part
of the diagonal elements of this objet appear, so that the expression for the
vauum energy beomes:
E0(N) =
1
2π
∫
ω∈R
log
(
1 + λ
∫ ∞
0
dx e−x
[LN (x)]2
ω2 +m2 + 2
θ
x
)
, (17)
where L
N
is the Laguerre polynomial of order N .
The previous result for the vauum energy is the starting point for our
derivation of more expliit expressions, in dierent limits and for partiular
ases.
We rst assume m = 0; thus, hanging variables: ω → θ−1/2ω, we have:
E0(N) =
1
2π
√
θ
∫
ω∈R
log
(
1 + λθ
∫ ∞
0
dx e−x
[LN (x)]2
ω2 + 2x
)
. (18)
If the ondition λθ << 1 is met, we have:
E0(N) ≈ 1
2π
√
θ
λθ
∫
ω∈R
∫ ∞
0
dx e−x
[LN(x)]2
ω2 + 2x
=
1
2π
√
θ
λθπ
∫ ∞
0
dx e−x
[LN (x)]2√
2x
. (19)
1
Global fators are absorbed in a redenition of the eld variable beause the ation is
exatly quadrati.
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Of ourse this is a onvergent integral. We performed a numerial eval-
uation of (19) for dierent values of N , the results of whih are shown in
Figure 1. Note that lose to the origin E0 is well behaved; for large N we
0 1 2 3
Ln (N)
-4.75
-4.5
-4.25
-4
-3.75
-3.5
Ln
 I
slope = -0.39
Figure 1: Numerial evaluation of the integral in (19).
should have instead an asymptoti behaviour ∼ 1/√N .
We see that, up to our maximumN , (19) does not yet reah its asymptoti
regime, whih orresponds to a −1
2
slope
2
. In Figure 2 we plot the slope (α)
of the previous graph versus logN .
To see that the asymptoti power law will be suh that α → −1
2
, we step
bak to:
E0(N) =
1
2π
√
θ
∫
ω∈R
log
(
1 + λθ
∫ ∞
0
e−x
[LN(x)]2
ω2 + 2x
dx
)
. (20)
In the large-N limit, we may use have the property:
lim
n→∞
L
n
( z2
4n
)
= J0(z) , (21)
2
We have dened the oeient of the power law as the one an experimentalist would
use, namely, α = ∂ log(∆E)
∂ log(N) .
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Figure 2: Slope (α) of Figure 1.
where J0 is the Bessel J funtion of order zero. This approximation an be
used inside the integral in (20), beause the pre-fator redues the eetive
domain of integration. Thus, if N >> 1:
∫ ∞
0
dx
e−x [LN (x)]2
ω2 + 2x
≈ 1
2N
∫ ∞
0
dzz
e−
z2
4N (J0(z))
2
ω2 + 2z
2
4N
. (22)
To proeed, we only need λθ to be bounded, so that for a large enough N
(λθ/N << 1), we shall have:
E0(N) ≈ 1
2π
√
θ
∫
ω∈R
λθ
2N
∫ ∞
0
e−
z2
4N (J0(z))
2
ω2 + z
2
2N
zdz , (23)
or:
∆E ≈ λθ
2
√
2θN
∫ ∞
0
(
J0(z)
)2
e
−z2
4N dz . (24)
In this manner we have managed to extrat a
1√
2θN
dependene, but we still
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have to deal with the funtion:
G(N) =
∫ ∞
0
(J0(z))
2 e−
z2
4N dz . (25)
A numerial study of this funtion shows that it diverges logarithmially (a
plot is shown in Figure 3), so the asymptoti power law holds, as we have
laimed before
3
. We thus see the result onverges to the asymptoti regime
0 2 4 6 8
ln(N)
1
1.5
2
2.5
G
(N
)
Figure 3: Numerial evaluation of the funtion G(N).
slowly, sine the limit is approahed logarithmially. Writing 1/N
1
2
+ǫ
, we
have, for example, ǫ(N = 8000) ≃ −0.07. In spite of the slow onvergene,
the 1/N
1
2
power law is indeed asymptotially reahed in the large N regime.
We now show more expliitly that the interation term (14) is delta-like
in the ommutative limit. In order to do that, onsider the Fourier transform
3
Using our denition of α we nd : α = − 12 + BA+B log(N)︸ ︷︷ ︸
G(N)
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of fNN [12℄.
fˆNN(k)√
θ
= 2π
√
θ e−
θ k2
4 L
(N)
(2Nθk2
4N
) ≈ 2π√θ e− θk24 J0(√2Nθ k) . (26)
So that the inverse reads:
fNN(r)√
θ
=
∫ 2π
0
∫ ∞
0
√
θ
2π
e−
θk2
4 J0(Rk) e
ikr cos β kdk dβ , (27)
whih using the integral representation of J0 gives
fNN (r)√
θ
=
∫ ∞
0
√
θ e−
θk2
4 J0(Rk) J0(kr) kdk . (28)
So, in the limit θ→ 0, orthogonality relation∫ ∞
0
Jα(x v) Jα(x u) xdx =
1
u
δ(u− v) ,
yield to
fNN(r)√
θ
≈
√
θ
R
δ(r −R) . (29)
On the other hand, beause of the previous relation, for the seond δ-like
fator we have the orrespondene
δ(0)↔ 1
R
A(
R2
θ
) , (30)
where A(q) is given by
A(q) =
∫ ∞
0
(J0(x))
2 e−
x2
4q xdx . (31)
We have seen numerially that A(q) ≈ 1.77√q, thus δ(0) ≈ 1√
θ
. We the see
that the interation term is
√
θ
R2
λθ
∫
δRϕ
∗ϕ , (32)
that, using the assumptions {
λθ << N
R2 ≈ 2Nθ
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the asymptoti form of the nonommutative interation term ould be rewrit-
ten as
S⋆I ∼ g(θ) ξ
∫
d3x δR ϕ
∗ϕ ,
where g(θ) ≡ 1
2
√
θ
is a large onstant with dimension of mass, while ξ ≡ λθ
N
is a small (and an be assumed to be xed) dimensionless onstant. This
produes then the `hard' δ-like form in the asymptoti regime, as laimed at
the beginning.
We have seen that, sine the defet enloses a bounded region, the vauum
energy shift is seriously modied with respet to the ommutative ase. In
partiular, lose to zero size the energy is nite, what an be shown without
resorting to any approximation.
Nonommutativity eets on the energy extend to large distanes, as it
was shown the orretion to ommutative exponent for the power law ǫ goes
to zero as 1/ log(N).
We have also studied the nite-mass ase, where we found that the om-
mutative power law is reahed at shorter distanes. The asymptoti behavior
was studied numerially from expression:
∆E =
λθ
4N
√
θ
∫ ∞
0
z dz√
µ2 + 2z
2
4N
e−
z2
4N
(
J0(z)
)2
, (33)
where µ2 = θm2, whih was dedued from (17).
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